Abstract: Let E be a Banach space and T :]0; 1 ! L(E) be a strongly continuous semigroup with T t>0 ker T t = f0g. We show that the generator A of (T t ) generates a regularized semigroup. Our construction of a regularizing operator uses an existence result of J. Esterle.
Introduction and Main Result
Regularized semigroups are an active eld of research. They were independently introduced in 1] and 2]. Some other references on this subject are 7], 9] and especially 3]. However, the problem of their relation to semigroups that are strongly continuous for t > 0 seems not to have been fully cleared, and the quite natural question posed in 6] if any semigroup that is strongly continuous for t > 0 can be regularized was still unanswered.
It has been known that strongly continuous semigroups of growth order > 0 (see 1], 7]) and semigroups of class (C (k) ) (see 8] , 7]) can be regularized. In 6], the rst result was extended to semigroups whose norms grow not faster than exp(!(t ?1 )) as t ! 0 where ! is an increasing function satisfying R 1 1 t ?2 log!(t) dt < 1.
The purpose of this note is to show that no growth assumptions are needed thus giving a positive answer to the question mentioned above. Theorem 1.1 (Main Result) Let (T t ) t>0 be a semigroup that is strongly continuous for t > 0 in a Banach space E satisfying T t>0 ker T t = f0g. Then the generator A of (T t ) generates a regularized semigroup.
Recall that in 6] we de ned the generator of (T t ) to be the operator 
We start with the following lemma. Proof. If A generates a regularized semigroup (S t ) then C := S 0 has the desired properties since in this case T t = S ?1 0 S t for all t > 0 (see e.g. 3]). On the other hand, if C is as in the assertion, then S 0 := C, S t := T t C for t > 0, de nes a regularized semigroup. Let B denote the generator of (S t ). If (x; y) 2 B then we get from (2) that C(T t x ? T s x) = S t x ? S s x = R t s S r y dr = C R t s T r y dr. By the injectivity of C and (1) this implies (x; y) 2 A. On the other hand, if (x; y) 2 A then applying C to both sides of the righthand side of (1) and using the de nition and the strong continuity of (S t ) we get (x; y) 2 B by (2). Hence A = B. 2
We will now construct a suitable regularizing operator C for (T t ). Our construction will use a result of J. Esterle on the existence of functions which generate dense principle ideals in certain convolution algebras.
We rst choose a decreasing continuous function w :]0; 1 ! 1; 1 such that w(t) kT t k for all t > 0. This is possible since the type of (T t ) is negative.
Let L 
